This paper describes the effects of a professional development (PD) program -Developing Mathematical Thinkingon student achievement. Six Title I elementary schools with similar demographics, within one school district, were chosen to participate as either a treatment or comparison school. Three schools were chosen to participate in professional development that incorporates effective PD recommendations. All the teachers had to participate in all aspects of the PD, thereby eliminating potential self-selection bias. Using the state standardized achievement test as the before and after measure, results suggest improved student performance after professional development was implemented over a two year period.
Teaching to Promote Mathematical Understanding
There have been studies that have shown when teachers teach for understanding, achievement improves (Haycock, 2001; Knapp, 1995; Newmann & Associates, 1996) . Thus, before building a model for conducting professional development in mathematics, we examined instructional structures that we wanted to observe in teachers' classroom practices. From these structures we then proceeded to build a professional development model to encourage teachers to promote these instructional structures (Brendefur et al, 2013) .
Our concept of teaching for understanding is grounded in both a structural and functional perspective (Hiebert et al., 1996) . From a structural position on understanding, the aim is for teachers to create conditions within students' classroom experiences for them to cognitively organize new information in ways that allow them to order and build a well-connected network of understanding. From a functional perspective, we focus on providing the types of tasks and activities that place students in situations where, through articulation, they are able to reflect on how they solve problems and construct relationships.
In other words, in order for students to develop understanding, teachers must attend to both the structural and functional aspects of teaching the content within their classrooms. As Carpenter and Lehrer (1999) argue, "For learning with understanding to occur, instruction needs to provide students the opportunity to develop productive relationships, extend and apply their knowledge, reflect about their experiences, articulate what they know, and make knowledge their own" (p. 32). These components became a foundation for our theoretical framework for instruction -Developing Mathematical Thinking (DMT).
Instructional Theory --DMT
This section frames an approach to teaching mathematics for understanding. We describe this type of instruction as Developing Mathematical Thinking or DMT. This instructional model for teaching builds on Carpenter and Lehrer's (1999) elements listed above and in addition incorporates notions of "guided reinvention" and "mathematizing" (Freudenthal, 1973 (Freudenthal, , 1991 Treffers, 1987) . As Gravemeijer and van Galen (2003) describe, guided reinvention is a process of first allowing students to develop informal strategies and ways to model these approaches for solving problems, and then, by critically examining both these strategies and models, encouraging students to develop more sophisticated, formal, conventional and abstract strategies and algorithms. By comparing solution strategies and examining the relationship between iconic and symbolic models (Bruner, 1964) , students learn which manipulations make sense for given contexts and are encouraged to develop more general procedures. Eventually, the contexts fade into the background and the "manipulations themselves … acquire meaning of their own" (Gravemeijer & van Galen, 2003, p. 116) .
Students are encouraged to make connections between existing knowledge (informal ideas) and new knowledge (more formal mathematical ideas) required by Hiebert & Carpenter's (1992) concept of structural understanding through solving novel problems. By critically examining their own and others' strategies and models, students are encouraged to build functional understanding, which exemplifies the importance of social interactions in classrooms. "By thinking and talking about similarities and differences between arithmetic procedures, students can construct relationships between them. … the instructional goal is not necessarily to inform one procedure by the other, but rather, to help students build a coherent mental network in which all pieces are joined to others with multiple links" (Hiebert & Carpenter, 1992, p. 68) .
Closely related to guided reinvention, the DMT instructional method incorporates Treffer's (1987) notions of horizontal and vertical mathematization. Horizontal mathematization occurs when students represent a contextualized problem mathematically in order to find a solution strategy. Vertical mathematization involves taking the mathematical matter to a higher level, and occurs when students make their representations and strategies objects of mathematical examination. Mathematizing covers such activities as generalizing, justifying, formalizing, and curtailing -including, but not limited to, developing an abstract algorithm (Gravemeijer & van Galen, 2003) . By focusing on both types of mathematizing in their classrooms, teachers must maintain a focus on the inherent structure of the mathematical ideas that are emerging. In addition, they must address students' misconceptions as they arise so these misconceptions do not hinder the mathematizing progression. One outcome of mathematizing is that teachers connect students' informal ideas, many of which may be developed outside of school, with more formal mathematical ideas. "One would predict that if children possessed internal networks constructed both in and out of school, and if they recognized the connections between them, their understanding and performance in both settings would improve" (Hiebert & Carpenter, 1992, p. 79 ). Simon & Tzur, 2004) . To solve these problems, students must model the situation to some degree. Rather than beginning with the standard algorithms and attempts to concretize them, teaching begins with students' commonsense solutions to contextual problems that are real for them. By reflecting on the solution procedures they have used, students develop and are introduced to more sophisticated models and procedures that they can also use in other situations (Gravemeijer & van Galen, 2003, p. 114) . In other words, teaching typically starts with considering students' ideas about solving real world problems and continues by keeping students' ideas as the foundation for later years.
Mathematical knowledge originates from students' attempts to model contextual situations. These models then become the basis for solving related problems as well as a means of support for more formal mathematical reasoning (Gravemeijer & van Galen, 2003) . As Cobb (2000) described, this use of modeling "…implies a shift in classroom mathematical practices such that ways of symbolizing developed to initially express informal mathematical activity take on a life of their own and are used subsequently to support more formal mathematical activity in a range of situations" (p. 319). In this way, modeling is a fundamental process in learning mathematics. However, this view of models and modeling contrasts with current practices in mathematics instruction in which models are used to "concretize expert knowledge" (Gravemeijer & van Galen, 2003, p. 118 ) and contextual problems are presented only after students have mastered traditional ways of solving problems. In this way, guided reinvention and mathematizing via the use of mathematical modeling, turns the focus toward students' ways of using models rather than on teacher or curriculum created ways of using models.
Through enacting aspects of 'guided reinvention' and 'mathematizing' teachers develop a classroom practice that is based on the tenets of teaching for understanding. We believe their practice hinges on five key elements of classroom practice: the centrality of students' ideas, encouraging multiple solution strategies and models, pressing students conceptually, addressing misconceptions and maintaining a focus on the structure of the mathematics (Brendefur, 2008) . By focusing their teaching practices on these five key elements (see Figure 1 ), elementary teachers shift their attention toward students' informal strategies for solving problems and the mathematical connections between multiple mathematical models and formal solution strategies. By encouraging students to use informal knowledge and experiences, student misconceptions are bound to arise. By acknowledging and addressing them, teachers encourage students to make sense of and correct their flawed ways of thinking, rather than glossing over them or ignoring them completely. The five key elements grow out of the concepts that mathematics exists of underlying inherent related constructs and that students learn mathematics by creating web-like or hierarchical structures for these constructs. 
Professional Development to Promote DMT Instruction
In order for teachers to begin building these highly technical skills, the professional development must build teachers' knowledge of (a) the different situations to put students in to progressively formalize their thinking, (b) different ways students will respond to these mathematical situations, (c) how to build their initial, usually informal, ways of modeling the problem, (d) how to press their understanding, and (e) how to find or create additional situations to enable continual deeper understanding.
Building on the literature reviews on instructional practices to promote mathematical understanding, we constructed a professional development framework to develop teachers' mathematical thinking and pedagogy. To begin, we used Simon's (1995) conceptual model for learning and teaching referred to as hypothetical learning trajectories (HLT) (Baroody, Cibulskis, Lai, & Li, 2004; Clements & Sarama, 2004; Hiebert et al., 1997; Simon, 1995) . Generally, an HLT describes the mathematical path teachers envision their students taking as they explore specific mathematical domains. HLT's include theories of children's initial ideas, a sequence of instructional tasks, and descriptions of children's progressions of learning and thinking.
We prepared teachers to explore the terrain of mathematics in new ways. We encouraged them to examine "connections among concepts, their representations and the various contexts in which they may be embedded" (Schifter, 1996, p. 3) . As part of this process, it was crucial that teachers began to question their own mathematical knowledge (typically procedural) and the knowledge (based on real experiences) that their students bring to the classroom. We did this by encouraging teachers in both explicit and embedded professional development to enact the five elements of classroom practice described above and by helping them develop their own learning trajectories (Gravemeijer & van Galen, 2003; Simon, 1995) for various mathematical topics.
More specifically, according to Simon (2005) , HLT's are made up of three components: the learning that defines the direction, the learning activities, and the hypothetical learning process -a prediction of how the students' thinking and understanding will evolve in the context of the learning activities. Baroody, et al (2004) emphasize that HLT's should focus on the "big ideas" and should incorporate both linear, or "ladder-like" trajectories, as well as multiple path or "branching tree" trajectories (p. 254). Hiebert, et al (1997) describe hypothetical learning trajectories as "…the teacher's vision of the mathematical path that the students might take, and its hypothetical nature comes from the fact that it is based on the teacher's guess about how learning might proceed along the path. The trajectory guides the teacher's task selection, but feedback from students and the teacher's assessments of the residues that are being formed lead to revisions in the trajectory. Tasks are selected purposefully, but the sequence can be revised" (p. 34).
As an example, we posed addition problems through join and separate versus part-whole and compare problem types. Teachers first had to model or learn how to model the solution paths by using enactive, iconic and symbolic representations. Next, teachers examined student work across grade levels to build trajectories of how students solve these situations. Finally, teachers had to articulate different hypothesized instructional decisions based on what students were doing. This element was very intense and difficult for teachers. Most of them wanted to just tell the students one, usually symbolic, way of solving the problem. Instead, we discussed different tasks to pose to students based on how they solved the problem, different ways to notate their thinking, ways to help them formalize their thinking and modeling, and how to extend or simplify the situation to meet the demands of all students.
As Gravemeijer (2004) points out, HLT's are tailored to a specific classroom and teacher at a given time. (For this reason, developing HLT's for general use may be a misuse of the HLT concept.) Gravemeijer (1999) develops another concept, local instructional theory (Gravemeijer & van Galen, 2013) , to refer to more general instructional sequences that may be useful on a larger scale. "The idea is that teachers use their insight in the local instruction theory to choose instructional activities and to design HLT for their own students. This is ultimately the goal of our professional development: to help teachers learn to utilize LIT's by enhancing teachers' understanding of mathematics, pedagogy, and children's thinking.
Here is a second example of a professional development task that highlights the mathematizing process to build teachers' knowledge and develop their own hypothetical learning trajectories. We share a modified task from Carpenter and colleagues (2000) : Lizzie collects lizards and beetles. She has 8 creatures in her collection so far. All together they have 36 legs. How many of each kind of creature does she have in her collection? We also provide two extension tasks: (a) If there are 8 creatures, what are all the different possibilities of lizards and beetles? and (b) If there are 36 legs, what are all the different possibilities of creatures? Teachers were, first, asked to solve this problem using any method they would like. Elementary teachers tended to solve it using these strategies listed in order of greatest use to least use: pictures, guess and check, table format, and systems of equations (see Figure 1 ). Please note that there are other ways, such as graphing and other table formats, but these were the most typical. Teachers were then asked to present these methods on the whiteboard. We did this from what could be considered the more informal method (drawing) to the more formal method (systems). This was the first element of horizontally mathematizing the problem.
Picture
Guess and check Next, we asked teachers to explain the similarities and differences among the different models and the mathematics being highlighted in the mathematical model. For instance, we pressed teachers to examine the line (32 + 2B = 36) in the systems model in light of the other models. What follows is an important discussion of the mathematics, (a) the 32 is when the drawing is 8 lizards, (b) the 2B is the conversion of lizards to beetles by distributing the 2 extra legs needed to make a beetle -twice, which is the next line (2B = 4), and (c) the 36 is the target number of legs. During this part of the conversation, we discussed why students might use one method over another and what pedagogical steps should take place to move students from one method to another in order to increase understanding and efficiency. Finally, teachers were asked to practice using a mathematical model that is not familiar to them, while also explaining to group members what each mark, notation, or number represents. This process extends the horizontal mathematizing process to vertical mathematizing.
Professional Development in Action
In this section we discuss the literature on effective professional development. This is followed by a description of how our professional development was framed to include both explicit and embedded situations.
There are numerous articles describing which elements in professional development are most effective (Borko, Koellner, & Jacobs, 2011; Desimone, 2011; Garet, Porter, Desimone, Birman, & Yoon, 2001; Hawley & Valli, 2000; Sztajn, 2011) . Although most of the elements are similar, Yoon et al. (2007) describe that much of the research on professional development in mathematics has not demonstrated improved student achievement because they lack specific features needed to change teachers' practice. Therefore, we used their six characteristics that need to be evident for professional development to be effective: "coherence, active learning, sufficient duration, collective participation, a focus on content knowledge, and a reform rather than traditional approach" (p. 1). We describe each one briefly.
Coherence depicts the strength of the professional development. If teachers do not perceive the professional development and intervention models to be a connected and an integral part of what the school is doing or encouraging, then the features being introduced will not persist over time (Garet et al., 2001) . For coherence to be built, professional development activities should focus on standards (currently in the U.S. the common core state standards (NGA, 2010b)) and testing, but also on methods to increase the learning of marginal groups of students (Linn, Gill, Sherman, Vaughn, & Mixon, 2010) .
Active learning includes engagement in tasks that improve teachers' own knowledge of the mathematics, covers learning progressions, engages teachers in creating learning trajectories, and encourages articulation and implementation of these ideas (Garet et al., 2001; Hawley & Valli, 2000) . Tasks that improve teachers' knowledge must force them into cognitive dissonance and, then, allow them to integrate the new ideas in a way that makes sense mathematically and pedagogically. For example, an initial task might be to write two contextual problems for the number sentence 2 + 5 = □ and explain (a) the differences in how students will respond to each context and (b) what mathematical models (enactive and iconic) might be introduced in what order for young students. In order to respond to this task, teachers must be able to compose or write a join and a part-whole context.
Sufficient duration refers to the amount of time teachers spend in professional development, which includes workshops and institutes as well as on-going activities throughout the year. Desimone (2011) states that there should be a minimum of 20 hours, while others say even longer (Yoon et al., 2007) . However, to be sufficient the amount of time spent in professional development must connect to a change in teacher outcomes: beliefs, knowledge, and/or practices.
Collective participation indicates that teachers and administrators must come together to create professional learning communities. When teachers are supported by their building and district administers, it is demonstrated that instructional practices improve and student achievement increases (Adajian, 1995) .
Knowledge, both content and pedagogical, of educators needs to be well developed in areas of the structure of the mathematics and how young students learn mathematics (Ball, Hill, & Bass, 2005; Ma, 1999) . When professional development integrates content and pedagogical knowledge and how students learn procedurally and conceptually, then instruction tends to improve as does student achievement (Ball, Thames, & Phelps, 2008; Kennedy, 1998) .
Focusing on reform practices and building on the mathematical practices outlined in the Common Core State Standards for Mathematics (NGA, 2010) rather than on traditional approaches within professional development refers to teaching for understanding. Here, elements within the professional development must focus on building teachers' understanding and practices to create situations for their students to problem solve, make connections within and outside of mathematics, use multiple mathematical models, and reason mathematically (Hiebert & Carpenter, 1992; Hiebert et al., 1997; Simon, 2006) .
Components of the DMT Professional Development
Each year the DMT professional development consisted of two components: (a) a one week or 45 hour intensive workshop focused on mathematics, student thinking, and pedagogy and (b) ongoing or embedded follow-up professional development in the school throughout the academic year. More specifically, the summer workshop consisted of topics that engaged teachers to understand the mathematics (number and early algebra topics in year 1 and measurement and geometry in year 2) and how students learning progresses on these topics over the elementary years. Pedagogically, teachers learned how to construct their classrooms using the 5 DMT dimensions: take students' ideas seriously (asking them to explain their thinking and others'), focus on conceptual understanding as well as procedural (asking students to explain how, why, and when the methods work), promote multiple mathematical models (encouraging the connection among and progression of using more sophisticated methods), address misconceptions (asking students to determine when an idea does not work and why), and focus on the structure of the mathematical topics (such as composing, decomposing, iteration, partitioning, and unitizing). Once teachers were back in school, we setup a three-part plan for working with the teachers in their schools. Two staff members met with teachers six times throughout the year to plan and reflect on a unit -nicknamed Unit Study. Grade-level bands of teachers, typically 6 to 12 teachers met for two hours at a time. We began by focusing on a common task that teachers gave their students. We would sort the student results into three piles: proficient or advanced responses, mistakes and misconceptions, and major errors or concerns. We would use the second pile to build instructional techniques for addressing these misconceptions in the classroom. This would typically lead into a short professional development period as well. Then we would build pre and posttest items based on Webb's (2007) Depth of Knowledge categories (skills, concepts, strategic, and extended). We would then analyze the pre/posttest data from the previous unit to look for trends. Based on needs, we would discuss and create activities or warm-ups to continue addressing deficits found. In between the Unit Studies, we would then meet with teachers in their classrooms to co-teach lessons, observe their instruction or work with a small group of students. In all these situations, we would work with the teachers before and after the lessons to discuss trends and suggest next steps. We were in each of the project schools approximately once a week.
As Desimone (2009) described we first evaluated the effectiveness of the DMT professional development program on teachers' knowledge and practices. DMT was determined to increase teachers' knowledge of (a) number and operations, (b) measurement and geometry, and (c) probability and statistics. This knowledge was measured before the 45-hour summer professional development course was taken and then again six months after to provide a more a accurate portrayal of teachers' change in knowledge. Change in knowledge was determined to be positively related to dimensions of teaching practice for number and operations, measurement and geometry, probability and statistics. That is, those teachers with greater changes in knowledge demonstrated more effective instruction Brendefur et al, 2013) .
After demonstrating changes in knowledge and practice, this study documents the impacts of the DMT professional development upon mathematics achievement of students (as measured by the state standardized test of mathematics).
In particular, this study compares student achievement for teachers who participated in the program, compared to teachers in similar schools from the same district, who did not participate in the program. The DMT professional development was conducted in a school district located in Southwestern Idaho where all the schools were Title I schools and had a history of below average performance on the Idaho State Achievement Test (ISAT). Table 1 highlights teacher and student characteristics from the six elementary schools involved in the study. The schools ranged from 63 to 89 percent of their students on free and reduced price lunch status and 11 to 30 percent English Language Learners. Before the project began, we worked with the superintendent and principals to select three schools to participate in the DMT professional development. Mathematics performance was not used as a criterion for selecting participating schools; however, the principal's enthusiasm to participate in the professional development may have been influenced by knowledge of poor performance on the ISAT, which would explain differences in pretest achievement performance across schools. Central administration and building administrators at each of the treatment schools agreed that 100% of their faculty would participate in all aspects of the program, including attendance to the summer workshop and all in-school activities. One additional note is that due to the transient nature of students in the district, the number of students classified as having multiple years in DMT waned.
Method

Setting
Participants and Design
The DMT professional development occurred in three consecutive years at three schools. Two of the authors conducted the professional development and the other three authors were independent evaluators of the project. Although all the teachers at the treatment schools participated in the DMT professional development, the test of student achievement is administered only to students in grades 3 through 5 in K-5 elementary schools; therefore, our student-level analysis of achievement used data from these students.
At the time of the DMT professional development the district had instituted a highly scripted reading program. Adoption of the reading program imposed constraints on teachers in all schools in the district. In particular, teachers were mandated to teach reading and language arts in the blocks in the morning. The imposed structured schedule meant all teachers taught mathematics in a 45 minute instructional block during the afternoon. In addition to this block of time, teachers across the schools were also given 20 minute blocks to conduct specific group level remediation or to pre-teach upcoming reading concepts. These two factors, placing the teaching of mathematics in the afternoon and decreasing the amount of time given to mathematics instruction, constrain the ability to increase student achievement.
Students were categorized according to how many years they had teachers participating in the DMT professional development. Teachers' years of exposure to DMT was an independent variable in the design. There were three groups: students who had two years of DMT teachers (n = 131), those who had one year of DMT teachers (n = 293), and those who had no years of DMT teachers, which are students from the non-DMT schools (n = 569). The groups that received any DMT professional development were combined for an omnibus test of the effectiveness of the professional development. Time was a repeated-measures variable in the design, with achievement measured at three different times (pretest-prior to DMT professional development, posttest 1 and posttest 2-after the first and second year of the professional development). Although the DMT professional development spanned three years and should have included four achievement dates, the State did not provide the external evaluators the final year of student achievement data; therefore, we analyzed only three years of data. As we compared achievement across three years, we included only students with complete achievement data for all three years. Thus, we had a 2 (DMT versus no-DMT) x 3 (Time: Pretest, Posttest 1, Posttest 2) design.
Student achievement was the dependent variable in this study and was measured by performance on the mathematics subtest of the ISAT, which was administered each spring to all students in the state in grades 3-10. The mathematics assessment of the ISAT is composed of items that address standards, goals, and objectives for grades 3-10. The goals and objectives for each grade are distributed among five reporting categories: Number and Operations; Concepts and Principles of Measurement; Concepts and Language of Algebra and Functions; Principles of Geometry; and Data Analysis, Probability, and Statistics. The ISAT Mathematics assessment utilizes a multiple-choice format, and a different assessment is administered for each grade level. The scores analyzed here were students' standardized scores relative the State mean at each grade level. That is, for each student, we had a z-score, which represented his or her deviation from the mean score computed across students in Idaho, within the student's grade.
Procedure
Participating teachers attended the week-long workshop during the summer before the beginning of the school year. The first training was held in the summer and in-depth unit planning and in-school professional development began (after the second week of instruction). The ISAT was administered during the spring of each academic year.
Over the course of the three years of the project, DMT staff regularly visited all the teachers in the treatment schools on a regular basis. One staff member was onsite for each school approximately 2 days a month during the school year. On the average, a school received 18 days of contact from a DMT staff member. While in schools, the following actions occurred: (a) once a month Unit Studies with grade level bands that lasted for two hours, and (b) co-teaching episodes that included planning, teaching together, and post teaching discussions. Topics discussed were mostly focused on the content presented during the summer professional development.
Results
We analyzed the student achievement data in a 2 (DMT versus no-DMT) x 3 (Time: Pretest versus Posttest 1 versus Posttest 2) analysis of covariance (ANCOVA), with minority group status and free and reduced lunch status dummy coded and entered as covariates.
There was a significant main effect for DMT group, F(1, 1090) = 35.54, p < .001, MSe = 2.13. The main effect for Time was not significant, F(2, 2180) < 1, MSe = .21, p = .69. However, the interaction was significant, F(2, 2180) = 20.84, MSe = .21, p < .001. We conducted tests of simple effects to better understand the interaction, while still controlling for minority status and free and reduced lunch.
Student achievement decreased significantly across time for the no-DMT group, F(2, 1132) = 3.11, MSe = .23, p =.05. Follow-up Tukey HSD post hoc tests showed that the decrease was significant across all three times. By contrast, student achievement did not change significantly across time. Thus, as seen in Figure 2 , across time the achievement gap between DMT and no-DMT schools decreases with time. In an ideal situation student would have teachers involved in the DMT professional development for all three years. To examine this best-case scenario, we compared student achievement for those students who had a DMT teacher for all three years and those in the comparison schools. The 2 (DMT three years versus no-DMT) x 3 (Time: Pretest versus Posttest 1 versus Posttest 2) ANCOVA (controlling for minority group status and free and reduced lunch status) revealed a significant main effect for DMT group, F(1, 666) = 12.46, MSe = 2.21, p = .02. The main effect for Time was not significant, F(2, 1332) < 1, MSe = .23, p = .53. However, the interaction was significant, F(2, 1332) = 20.02, MSe = .23, p < .001. As seen in Figure 3 , the performance gap between DMT and no-DMT schools was eliminated when students had teachers with DMT professional development across all three years. 
Discussion
This study documents the impact of a mathematics professional development program-Developing Mathematical Thinking-on student achievement over time. By focusing on specific elements from the literature on how to effectively build student understanding (Gravemeijer, 1999; Hiebert & Carpenter, 1992) and by using critical elements to design professional development (Yoon et al., 2007) for working with entire school faculties, we found that we could positively affect student achievement. In particular, this study compared student achievement for teachers who participated in the program, compared to teachers in similar Title 1 schools from the same district, who did not participate in the program.
As noted before, PD has a distal impact upon student achievement, and effect sizes in this study were small. However, results were positive as predicted. Overall, these findings suggest that the DMT professional development had a positive relationship on student achievement. That is, while student achievement in comparison schools was decreasing across time, it was increasing in DMT schools. It is important to note that with the district emphasis on reading over these three years and by placing mathematics instruction in the afternoon and decreasing the time to teach mathematics, one would argue for no change or a decrease in mathematics achievement.
In addition, because the professional development and instructional practices focused on building student understanding and reasoning in mathematics, and the state standardized test focused mostly on rote skills, we were able to demonstrate an increase in this type of knowledge. This provides evidence of the effectiveness of the professional development and leaves open the possibility of showing greater effects with tests that measure more than rote skills. Student achievement in this district was below the mean mathematics achievement for the State. Thus, we do not know how the DMT professional development would work in schools with higher mathematics achievement. That said, DMT did work with students that had lower mathematics achievement.
Research has found that professional development can effect instruction (Desimone et al., 2002) and research has found that quality instruction can affect student achievement . Different than many studies, this was not a convenient sample of teachers who volunteered to be part of the study. In contrast, three schools out of six were chosen and 100% of the teachers were mandated to participate. This alone would decrease any effects in changing teachers' knowledge or practice and in student achievement. As demonstrated in another paper, (Brendefur et al, 2013) by focusing on the five dimensions of DMT-building on students' informal and formal ideas, focusing on conceptual understanding, examining and extending students use of multiple mathematical models, highlighting and discussing mistakes and misconceptions, and staying focused on the structure of mathematics-there is reason to believe these effects on student achievement would translate to all achievement levels.
The generalizability of the findings from this study is limited by the fact we chose to study elementary schools in one school district. There were many similarities: all six schools were Title I schools and had similar demographics. A side note, however, is that the achievement increases were in spite of much student attrition, which usually has negative effects on reform (Knapp, 1997) . And this was accomplished in spite of the district's superintendent and all six principals changing positions over the three years. It may have been our presence that was the catalyst that provided consistency for the schools in which we worked.
In sum, this study demonstrates that quality professional development matters and when implemented well can effect student achievement. Although this study only highlighted the type of instructional practices the professional development promoted, there was an influence which affected student achievement. This professional development had positive effects on the students across all treatment schools.
Conclusions and Implications
Recent policy documents and increases in accountability around mathematics reform have focused on learning mathematics with understanding (Burkhardt, Schoenfeld, Abedi, Hess, & Thurlow, 2012; NGA, 2010; NMAP, 2008) . The move from teaching traditionally to teaching to build understanding is difficult (Cady, Meier, & Lubinski, 2006; Kennedy, 2004) , but as demonstrated in this study, it can be accomplished in struggling schools. In addition, this type of professional development is timely with the implementation of the CCSS-M's mathematical practices. The DMT principles match many of these practices: (1) make sense of problems and persevere in solving them, (2) reason abstractly and quantitatively, (3) construct viable arguments and critique the reasoning of others, (4) model with mathematics, (5) use appropriate tools strategically, (6) attend to precision, (7) look for and make use of structure, and (8) look for and express regularity in repeated reasoning (NGA, 2010, pp. 6-9) and provide a framework on how to teach mathematics.
